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ABSTRACT: Simultaneous equations have become increasingly popular for describing the effects of nutrition on the utilization of ME for protein (PD) and lipid deposition (LD) in animals. The study developed a multivariate nonlinear mixed effects (MNLME) framework and compared it with an alternative method for estimating parameters in simultaneous equations that described energy metabolism in growing pigs, and then proposed new PD and LD equations. The general statistical framework was implemented in the NLMIXED procedure in SAS. Alternative PD and LD equations were also developed, which assumed that the instantaneous response curve of an animal to varying energy supply followed the law of diminishing returns behavior. The Michaelis-Menten function was adopted to represent a biological relationship in which the affinity constant (k) represented the sensitivity of PD to ME above maintenance. The approach accommodated inclusion of a PD potential (PD Potential ) concept. This was described by a Gompertz function, which was parameterized in terms of the maximum rate of PD (PD Max ) and corresponding BW (BW PDMax ) at that point. Metabolizable energy for LD was equated to the difference between ME intake and the sum of ME used for maintenance and PD. Metabolizable energy designated for PD and LD was used, with efficiencies k p and k f , respectively. The new equations were compared with the van Milgen and Noblet (1999) equations using 2 comprehensive data sets on energy metabolism in growing pigs. The 2 equation sets were evaluated using information criteria, which showed that the new equations performed best for data set II, whereas the reverse was true for the first. For the data set I population, estimates for k p and k f were 0.57 (SE = 0.05) and 0.84 (SE = 0.03), respectively. Maintenance was quantified as 1.10 (SE = 0.08) MJ/d·kg 0.55 . The animal variation in the parameter k p was estimated to be 6% CV. The animal variation in PD Max and k f was estimated to be 9 and 10% of the population estimates, respectively. It was concluded that application of the MNLME framework was superior to the multivariate nonlinear regression model because the MNLME method accounted for correlated errors associated with PD and LD measurements and could also include the random effect of animal. It is recommended that multivariate models used to quantify energy metabolism in growing pigs should account for animal variability and correlated measurement errors.
INTRODUCTION
Most energy systems and pig growth models used in pig nutrition require estimates of utilization of ME for maintenance and growth. Multivariate models for partitioning ME into heat, protein deposition (PD), and lipid deposition (LD) in growing animals has been shown to be superior to the multiple linear regression principle first introduced by Kielanowski (1965) (Koong, 1977; van Milgen and Noblet, 1999) . The statistical method proposed by van Milgen and Noblet (1999) has 2 limitations. First, the parameters of their structural model were implemented in a multivariate nonlinear (MNL) regression model, which did not estimate the covariance between errors associated with PD and LD measurements. Second, the MNL regression method cannot estimate animal-to-animal variation in metabolic parameters, which can be estimated if repeated measurements of energy metabolism are available (Strathe et al., 2007) . Thus, a MNL mixed effects (MNLME) framework is required in this situation. Moreover, obtaining estimates of population variation in metabolic parameters is critical because these are used to parameterize stochastic simulation models for nutritional management of growing pigs (Pomar et al., 2003; Wellock et al., 2004) .
Many biological systems behave according to the law of diminishing returns. The response of an animal, which is reflected in its energy deposition to varying ME intake, is a case in which this law might be applicable (van Milgen et al., 2000; Kebreab et al., 2003) . If this type of behavior is not properly addressed, then a "nonphysiological" intercept needs to be included in the equations to correct this bias (van Milgen and Noblet, 1999) . A curvilinear plateau model may be one way to address this issue (van Milgen et al., 2000) , but it introduces nondifferentiability at the break point.
The objectives of the study were to develop the MN-LME method and compare it with the MNL method, and to propose new PD and LD equations that would take the diminishing returns behavior into account.
MATERIALS AND METHODS
Two large, comprehensive published studies on energy metabolism in growing pigs were used to compare the 2 statistical methods. Therefore, Animal Care and Use Committee approval was not obtained for this study.
Data Sources
Data Set I. The first data set originated from the study of Thorbek et al. (1984) . Energy metabolism was measured in 27 barrows, which were divided into 6 BW intervals (20 to 25, 25 to 35, 50 to 60, 60 to 80, 90 to 100, and 100 to 120 kg of BW). Within each BW interval, 2 consecutive energy balance trials were conducted with both low (LO) and high (HI) levels of feeding. The allocation of feed in the different BW intervals was based on how much the pigs were able to consume on the HI diet without feed residuals. The pigs on LO were then given a smaller ration than HI, which was expected to give results with acceptable contrast to the pigs on HI, but still allow a reasonable rate of growth (Thorbek et al., 1983 (Thorbek et al., , 1984 . The animals were fed a diet based on barley, oats, soybeans, and meat and bone meal, which contained (as fed) 16.5% CP, 0.8% lysine, and 13.0 MJ of ME/kg. Full details concerning the energy metabolism part of the study have been described by Thorbek et al. (1983 Thorbek et al. ( , 1984 . The experiment was designed to obtain approximately the same mean age and BW in each interval, independent of feeding amounts. Twenty barrows were initially measured in the BW interval of 20 to 25 kg, and afterward, 16 of the pigs were measured in the BW interval of 25 to 35 kg, whereas the last 4 were individually penned, fed the HI amount, and measured again at 50 to 60 kg. At the end of the measurements in the BW interval of 25 to 35 kg, 12 of the animals were killed, whereas the rest were transferred to individual pens and fed the HI diet until they could be measured in the 90-to 100-kg and 100-to 120-kg intervals. Another 7 pigs weighing approximately 20 kg were placed on the HI feeding regimen and individually penned until 4 pigs could be measured in the 50-to 60-kg and 60-to 80-kg intervals. The remaining 3 pigs were kept on the HI feeding regimen until measurements in the 90-to 100-kg and 100-to 120-kg intervals could be made. A total of 124 N and energy balance trials were conducted, but only 110 were available for the current analysis.
Data Set II. The protein and energy metabolism as well as the digestibility of different nutrients were determined 8 times for each pig at constant intervals during the growth period from 20 to 90 kg (Thorbek, 1975) . Four barrows from 12 litters, and thus a total of 48 barrows, were assigned to 6 different dietary regimens (treatments 1 through 6), with 12 pigs in treatments 1 and 2, and 6 pigs per treatment for the rest of the treatments. The 6 dietary regimens were composed of 3 grain sources (barley, corn, and sorghum) and 2 protein sources (skim milk powder and a protein mixture of one-third meat and bone meal + two-thirds soybean meal). Grain and protein sources were barley + skim milk powder, barley + the protein mixture, corn + skim milk powder, corn + the protein mixture, sorghum + skim milk powder, and sorghum + the protein mixture for treatments 1 through 6, respectively. The pigs were fed according to a predetermined level, which increased linearly from 0.81 to 2.66, 0.81 to 2.66, 0.74 to 2.39, 0.74 to 2.39, 0.80 to 2.60, and 0.80 to 2.60 kg/d for treatments 1 through 6, respectively. In addition, CP and lysine contents, respectively, in periods 1 to 8 declined from 18.4 to 13.3 and 1.18 to 0.74%, 20.5 to 14.1 and 1.20 to 0.75%, 19.6 to 14.1 and 1.16 to 0.75%, 20.6 to 15.4 and 1.22 to 0.70%, 19.4 to 13.5 and 1.13 to 0.63%, and 20.4 to 14.5 and 1.13 to 0.62% for treatments 1 through 6, respectively.
All measurements in data sets I and II were carried out with a 7-d preliminary period, followed by a 7-d balance period. A 24-h respiration experiment using indirect calorimetry techniques was placed in the middle of each balance period.
Simultaneous Equations Describing Energy Partitioning
The van Milgen and Noblet (1999) Equations. The approach was as follows, ME available for production (ME P ) represented the difference between ME intake and ME for maintenance (ME M ). The fraction (X) of ME P available for PD and LD was not constant but a linear function of BW. Multiplying ME P by X and 1 − X yielded ME for PD (ME PD ) and LD (ME LD ), which were used with efficiencies k p and k f , re-spectively. The equations proposed by van Milgen and Noblet (1999) were written as 2 simultaneous equations: PD = k p × X(ME − ME M ), and
[1]
Maintenance was specified as ME M = aBW b , where a is the maintenance requirement per kilogram b of BW, and b is a dimensionless exponent. It was assumed that X decreased linearly with BW [i.e., X = c − d ], where c is the fraction of ME P used for PD at 20 kg of BW and d is the change in X per kilogram of BW change. The parameters θ = (k p , k f , a, b, c, d) could be functions of feeding levels, species, genotypes, or dietary regimens, depending on the experimental design (van Milgen and Noblet, 1999; Azevedo et al., 2005) .
Specification of the Parameters. The parameters (θ) in the 2 simultaneous equations (Eq. [1]) were not constant but were functions of the 2 feeding amounts and the random effect of animal. For data set I, it was assumed that the 2 feeding levels systematically affected the maintenance requirement and the fraction of ME above maintenance that was designated for PD. This meant the model had group-specific parameters for a, c, and d, which were denoted a HI , a LO , c HI , c LO , d HI , and d LO , respectively. The random effects were assumed to be distributed as (γ kp,i , γ kf,i , γ a,i ) ~N(0, D 3×3 ), which corresponded to the assumption that the energetic efficiencies and maintenance were individual animal characteristics. The between-animal variation in a metabolic parameter was quantified by a variance component, which was denoted generally by D abbreviation . For instance, the variance component for the parameter k p was denoted by D kp and its covariance with the requirement for maintenance was denoted by D kp_a .
For data set II, parameters in the simultaneous equations (Eq. [1]) were not constant either but were functions of different dietary treatments (1 to 6) and the random effect of animal. Thus, the treatment effects were assumed to affect the energetic efficiencies, which were referred to as k p1 -k p6 , and k f1 -k f6 . The random effects were assumed to be distributed as (γ kp,i , γ kf,i ) ~N(0, D 2×2 ), which corresponds to the assumption that the energetic efficiencies were animal characteristics. For data set II, the maintenance requirement was fixed, which is explained in detail in the following section. Only the MNLME approach included random effects.
New PD and LD Equations. New PD and LD equations were developed based on the assumption that the relationship of PD and ME followed the law of diminishing returns. The approach required a functional specification of the PD curve. The concept of an upper potential for PD has been widely accepted, and the Gompertz function is often the preferred function for representing the pattern of maximum PD in pigs (Emmans and Kyriazakis, 1997; Whittemore and Green, 2002) . Usually, the Gompertz function expresses potential PD as a function of the current protein mass, with parameters describing the relative growth rate and the potential protein mass at maturity. In the context of energy balance data, growth is measured (i.e., BW), rather than the actual protein mass state. Thus, a more practical application of the Gompertz function is to represent PD in relation to BW (Whittemore and Green, 2002) . The Gompertz function for representing potential PD (PD Potential ) was written as
where δ and W f are parameters that express the Gompertz rate parameter and final BW. Because energy balance data were collected in the BW range from 20 to 120 kg, which is far from any final BW of mature pigs, it was suggested to reparameterize Eq.
[2]. This could be done by considering the inflection point of the curve that represented the maximum rate of PD (PD Max ) and the BW at which the PD Max occurred (BW PDMax ). The relation between Gompertz parameters and the inflection point was (
where e expresses the exponential function to 1. The reparameterized equation was simply
There were several advantages of reparameterizing the equation because the inflection point occurred within the range of measurements and it might help reduce the intracorrelation between the 2 parameter estimates.
The effect of limiting the energy supply on PD was incorporated into the model by means of a MichaelisMenten equation, which meant that PD approached PD Potential asymptotically as ME P approached infinity. It was assumed that PD was a saturated function of ME P , where the saturation parameter k was expressed in units of megajoules per kilogram. Combined with Eq.
[3], the PD and LD equations could be written as follows, which were expressed in megajoules per day:
PD PD k BW ME ME ME ME LD k ME ME
[4]
were the parameters. Equation [4] assumed a nonlinear relationship between PD and LD on the one side and between ME and BW on the other side while intersecting in the origin. However, Eq. [4] was only valid if the AA supply was adequate.
For data set II, treatment effects were assumed to affect the energetic efficiencies, which were referred to as k p1 -k p6 , and k f1 -k f6 . The random effects were assumed to be distributed as (γ kp,i , γ kf,i ) ~N(0, D 2×2 ), which corresponded to assuming that the energetic efficiencies were animal characteristics. Alternatively, animal effects were assumed to affect the maximum PD and the energetic efficiency of utilizing ME for LD, that is,
Estimation of Maintenance. For data set II, biologically reliable parameter estimates (k p and k f ) could not be obtained with either Eq. [1] or [4]; thus, a 2-step approach was adopted instead. First, an expression of maintenance was developed, and then the expression was substituted into Eq. [1] and [4] when the parameters were estimated (Koong, 1977; Thonney et al., 1991 ). An expression of ME M as a function of BW was obtained by dividing the BW into 5 subset classes (i.e., 20 to 30, 30 to 45, 45 to 60, 60 to 75, and 75 to 90 kg of BW; Thorbek et al., 1983 Thorbek et al., , 1984 . The relationship between energy deposition (ED) and ME intake (within those subsets) was modeled with a linear function ED = I + k g ME, where I is the intercept and k g is the slope. The parameters of all the linear models were estimated by robust regression using the iteratively reweighed least squares method (Dhanoa et al., 2007) . Then ME M for each subset was equated to ME M = −I/ k g . The ME M was plotted as a function of the BW in Figure 1 , and a trend line was added, which expressed ME M (MJ/d) as ME M = 3.287 (SE = 1.65) × BW 0.287 (SE = 0.13) . [5] In the models, the units used in calculating PD and LD were megajoules per day. To facilitate interpretation, the results are reported in grams per day by assuming 23.7 kJ/g of protein and 39.6 kJ/g of lipid (ARC, 1981) .
Statistical Analysis and Parameter Estimation
The MNLME Model. The statistical method used to estimate parameters in multivariate models of energy metabolism was defined as follows. Let Y i be an n i × 2 response matrix for the ith individual collected longitudinally, in which the rows represent n i different times of observation and the columns represent the 2 different response measurements, that is, PD and LD. The model can be written as . where f(θ i , ME i , BW i ) and e i are n i × 2 matrices of associated expectation and error terms, respectively; f is a general, real valued and differentiable function of a group-specific parameter vector θ i , and the covariates are ME i and BW i . The parameter vector θ i could be incorporated into the model as θ i = A i β + B i γ i , where β is a q × 1 dimensional vector of fixed population parameters, γ i is an r × 1 dimensional vector of individual random effects, and the matrices A i and B i are design matrices of sizes s × q and s × r for fixed and random effects, respectively. Here, s is the number of structural parameters in the energy-partitioning model. In the general specification of the model, it was assumed that γ i ~N(0, D r×r ) and e i ~N(0, R i ), where R i had the dimensions 2n i × 2n i . The structure of R i remained to be specified. A convenient structure could be constructed by assuming that the error terms for PD and LD from the same animal and for observations measured at the same time point had a covariance structure Σ. This meant each row in the error term e i and covariance σ PD_LD , which were the elements in Σ 2×2 . All other terms were uncorrelated; thus, the within-animal error for the same response was assumed independent. All parameters were estimated simultaneously with maximum likelihood using the NLMIXED procedure (SAS Inst. Inc., Cary, NC). The option GENERAL in the model statement was used to specify the conditional multivariate normal distribution of the data, given the random effects. Full implementation details are given in the appendix.
The MNL Model. The estimation scheme proposed by van Milgen and Noblet (1999) =´. The weight w was estimated using an iteratively reweight procedure, which was iterated until no further changes in the residual variance were observed. The weight scheme was necessary because the magnitude of the 2 residual variances was different. All errors e i were assumed independent. Moreover, their approach assumed that PD and LD measurements taken on the same animal at the same point in time were independent, which meant that σ PD_LD was set to zero. Furthermore, the method was not designed to separate between-animal variation from within-animal variation.
Model Comparison. The best performing model was used for subsequent analysis based on the following goodness-of-fit indicators: Akaike information criterion and Bayesian information criterion. Likelihood ratio tests were used for nested models. Model reductions were carried out in 2 steps. First, the random part of the model was reduced, followed by the systematic part. At each step, the least significant factor was identified and removed from the model. If multiple competing models were encountered at a particular reduction step, then model selection was based on information criteria. This was done successively until the final model was obtained. Differences between group-specific parameter estimates and corresponding SE were computed using the ESTIMATE option in the NLMIXED procedure.
RESULTS AND DISCUSSION

Descriptive Statistics for the 2 Data Sets
Descriptive statistics were presented in Table 1 . The variables ME intake, heat production, PD, and LD were in similar ranges for both data sets, although the measured PD Max was slightly greater in data set I compared with data set II (i.e., 223 vs. 168 g/d).
Analysis of Data Set I Using the MNLME Method
Analysis of data set I is presented to demonstrate how inference for a particular data set was carried out with the new statistical method (Table 2) . Inference was based on Eq.
[1] rather than Eq.
[4] because of the magnitude of differences in the goodness of fit to data set I. As described earlier, model reductions were done in 2 steps. First, the significance of animal-to-animal variation in key metabolic parameters was established, and it was shown that the variance component D kp (model 7; Table 2 ) was statistically significant (P < 0.001). All other random effects were not significant. The proportion (X) of ME P that was designated for PD at 20 kg of BW differed between the 2 feeding amounts because the parameter c was different for the 2 feeding amounts (P < 0.001). The decline in X due to increasing BW was equal because d was not different for HI and LO feeding (P = 0.14). Thus, X was identified as 2 parallel lines, where the difference between the lines was 0.155 (SE = 0.023). The fraction of ME above maintenance that was partitioned toward PD was 15.5% greater for the LO compared with the HI feeding. This fractional difference was constant during the growth phase from 20 to 90 kg of BW and, as expected, the LO feeding resulted in leaner animals. Parameter estimates were presented in Table 3 for the final model. A residual plot for the final model was presented in Figure 2 . The residuals for the PD and LD equations were plotted against corresponding predictions. There seemed to be no systematic trends in the residuals and the variance was constant. The estimates for c and d were in a similar range as those reported by van Milgen and Noblet (1999) . For data set I, ME M was estimated to be 1.10 (SE = 0.083) MJ/d·kg 0.55 and it could not be expressed to a power of 0.6 (P = 0.003), as suggested by Noblet et al. (1999) . This was probably due to the large BW range (20 to 120 kg) within which the observations were made. If the exponent was fixed at 0.6, then the maintenance requirement was estimated to be 0.855 MJ/(d·kg 0.60 ), which was in line with that reported by van Milgen et al. (2000) . Previous analysis of data set I, using the multiple linear regression principle, showed that an intercept was needed if maintenance was to be expressed to the power of 0.75 (Thorbek et al., 1983) . The efficiency of utilizing ME above maintenance for PD and LD was quantified in the metabolic parameters k p and k f . Final estimates for k p and k f were 0.57 (SE = 0.049) and 0.84 (SE = 0.032), respectively. The estimates were close to those reported by Noblet et al. (1999) but were slightly different from the textbook values of 0.54 and 0.74, respectively (ARC, 1981). Table 2 . Fit statistics (data set I) for different statistical models based on the van Milgen and Noblet (1999) 3 Goodness of fit indicators: AIC = Akaike information criterion; BIC = Bayesian information criterion; −2LogL = −2 log likelihood. 4 The multivariate nonlinear regression method. Table 3 . Parameter estimates (±SE) for the van Milgen and Noblet (1999) The parameters were estimated with the multivariate nonlinear mixed effects (MNLME) and multivariate nonlinear (MNL) regression method.
2 Fixed effects parameters are as follows: k p and k f are defined as the efficiency of utilizing ME for protein and lipid deposition, respectively; a and b specify maintenance requirement per kilogram b of BW, where b is an exponent; c HI and c LO are the fractions of ME for production used for protein deposition at 20 kg of BW for the high (HI) and low (LO) feeding levels, respectively; d is the change in the fraction of ME for production used for protein deposition per kilogram of BW change. 
Comparison Between Statistical Approaches
The equations of van Milgen and Noblet (1999) were implemented in both the MNLME and the MNL framework to compare parameter estimation with the 2 methods. The mean function was specified with the same systematic effects as the final model (model 14; Table 2 ). The weights assigned to the 2 responses were established after 7 iterations of the procedure, and data for PD were assigned a weight 4.1 times greater than that for LD. The magnitude of differences in terms of the goodness of fit to data was given by models 14 and 15 in Table 2 , which showed a substantial difference. Visualizing covariance between PD and LD residuals (for the MNL regression model) can be done by plotting the 2 pairs of residuals against each other ( Figure  3 ). As the LD residual increased, the corresponding PD residual decreased, indicating the presence of covariation visually. The Pearson correlation between the 2 residuals was estimated to be 0.71, which was different from zero (P < 0.001). Based on the estimates of σ PD 2 , σ LD 2 , and σ PD_LD given in Table 3 , an estimate of the correlation was computed to be −0.62 with the MN-LME method. Thus, correlated errors associated with PD and LD measurements can be handled with the MNLME method. Moreover, considering a statistical model in which observations made on the same pig at the same time point were correlated contemporaneously, it seemed relevant because observations were calculated from simultaneous respiration and N balance measurements. The exponent b for expressing maintenance had to be fixed at 0.545; otherwise, the MNL method yielded unreliable estimates for data set I. Including animal-toanimal variation in metabolic parameters was an improvement of the multivariate data analysis method, which was also demonstrated by the variance component D kp being highly significant (P < 0.001). In this case, animal variability in the parameter k p was estimated to be 0.0012 and could be expressed as the CV of 6%. Direct comparison of the fixed effect estimates between the 2 methods (Table 3) indicated that there were some differences, especially for the parameter k p . Figure 2 . Residuals plotted against predicted protein deposition (PD) and lipid deposition (LD) for the final model when fitted to data set I. The final model was given by the van Milgen and Noblet (1999) equations, which were implemented in the multivariate nonlinear mixed effects framework. Figure 3 . The protein deposition (PD) residuals were plotted against lipid deposition (LD) residuals from the final model, which was based on the van Milgen and Noblet (1999) equations implemented in the multivariate nonlinear regression framework.
For the MNLME method, an iterative scheme was not necessary because the variance-covariance matrix for the errors was estimated directly. Moreover, ad hoc SAS programming was required because the MNL regression method iterates between data steps and repeated calls for the NLIN procedure. This made the new method more practical and user friendly because the PD and LD equations were specified within the NLMIXED procedure and fit to data. Furthermore, the new procedure also fit models without specifying random effects (model 8; Table 2 ), and could be used in cases in which no repeated energy balances were conducted on the same animal (e.g., the serial slaughter method).
Modeling PD and LD
The results of fitting Eq. [1] and [4] to data set II are presented in Table 4 . The new PD and LD equations derived from Eq. [4] yielded a substantial improvement of fit to data set II. Incorporating individual animal effects into parameters k f and PD Max yielded the best fit to data and was presented in Table 4 as model 3. There was an effect of diet on the parameters k p (P = 0.003) and k f (P < 0.001). Final estimates for k p and k f were dependent on the dietary regimen, and final estimates varied from 0.52 to 0.63 and from 0.72 to 0.88, respectively. Using the multiple linear regression principle in combination with random regression on the same data set yielded similar conclusions (Strathe et al., 2007) . Varying k p and k f values could be explained by the 6 diets having differences in nutrient composition and that different nutrients were utilized with different efficiencies (van Milgen et al., 2001) .
Modeling partitioning of ME between PD and LD and a requirement for maintenance should always be approached simultaneously at first. However, multivariate models did not always ensure that estimates (k p and k f ) were within a biologically meaningful range; thus, a 2-stage approach might be more biologically reliable. Simultaneous estimation of maintenance in combination with other parameters (and dropping the treatment effect for ease of comparison) yielded estimates of k p , k f , a, and b of 0.77, 0.95, 1.82 MJ/kg 0.50 and 0.50, respectively. Using the fixed maintenance requirement, as given by Eq.
[5], yielded estimates of k p of 0.60 and k f of 0.78, which were more biologically reasonable. A compilation of literature values yielded estimates in the ranges of 0.35 to 0.78 and 0.58 to 0.99 for k p and k f , respectively (Tess et al., 1984) ; thus, both sets of estimates were within previously reported ranges. In agreement with Noblet et al. (1999) , it was also observed in the present study that the mode of expressing maintenance strongly influenced estimates of k p and k f . It is therefore recommended that the exponent should not be fixed at 0.75, but instead should be estimated from energy balance data. A decision can then be made on some common mode of expression van Milgen et al., 2000) . For both data sets, no common metabolic scaling was applicable because the exponents were quite different (0.55 vs. 0.29). Using the equations ME M = 1.10 BW 0.55 and ME M = 3.29 BW 0.29 for calculating ME for maintenance for a 20-kg pig gave values of 5.7 and 7.8 MJ/d, respectively. The corresponding values for a 90-kg pig were 13.1 and 12.1, respectively. Even though there was a difference of +37 and −7% at 20 and 90 kg of BW in the calculated requirement for maintenance, the corresponding efficiencies for utilizing ME above maintenance for PD and LD were remarkably similar (Tables 3 and 5) . As noted by van Milgen and Noblet (2003) , maintenance is a fuzzy concept for growing animals, for which there is currently no suitable alternative.
Model diagnostics is a central part of modeling because plotting the residuals against predicted values reveals whether the functional relation between dependent and independent variables is erroneously specified (Figure 4) . In this case, Eq. [1] was not suitable for data set II because systematic patterns in the residuals were present, whereas it was not the case with Eq. [4] . One important difference between the 2 equations was that Eq.
[4] assumed a nonlinear response curve between PD and ME according to the law of diminishing returns, whereas Eq. [1] assumed a linear relationship at all stages of growth. For data set II, the ME intake increased from 1.3 to 3.1 times ME M in the growth period Table 4 . Fit statistics (data set II) for different statistical models based on the van Milgen and Noblet (1999) These are compared using either information criteria or likelihood ratio tests.
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Goodness of fit indicators: AIC = Akaike information criterion; BIC = Bayesian information criterion; −2LogL = −2 log-likelihood. Strathe et al. from 20 to 90 kg of BW. The ME intake was constant at a given BW, but varied across the 6 treatments. Energy partitioning changes during growth, and the qualitative behavior of Eq.
[1] and [4] and quantitative fit to data by models 1 and 3 (Table 5) can be compared by plotting the energy deposition as a function of ME intake during the entire growth period from 20 to 90 kg of BW. This was done in Figure 5 , in which 2 plots were constructed per animal, for 12 animals in total, and predictions by the models were added as well. In general, model 3 provided a good fit to the data, whereas model 1 heavily underestimated the PD at low levels of feeding in the first part of the growth period, which the PD residuals in Figure 4 also revealed. Hence, it seemed that the partitioning rule applied in Eq.
[1] [X = c − d(BW − 20)] were too simplistic to represent the PD and LD profiles displayed by these animals and in this experimental setting (i.e., scale feeding). However, before accepting the new proposal as a general partitioning rule for growing pigs, it should be tested in an experimental setting, involving multiple levels of feeding at multiple stages during growth where repeated energy balance measurements are taken on individual animals.
Introducing a Michaelis-Menten function allows extension to other situations in which other factors might be limiting for PD because the sensitivity to dietary supply was built into Eq. 
where k 1 and k 2 are affinity parameters for dietary supply of energy and standardized ileal digestible lysine above maintenance (Lys M ). This idea had already been used in a pig simulation model, although in a slightly different version (Halas et al., 2004) . Sandberg et al. (2005) criticized the partitioning rule put forward by van Milgen and Noblet (1999) for not being able to cope with a varying protein or AA supply. Whittemore and Green (2002) reanalyzed the data of Tullis (1982) , and the genetic stage of development of these pigs may be comparable with those in the Thorbek (1975) data. These authors reported a rate maximum of PD of 123 g/d at a BW of 77 kg, which corresponds well with the estimated values reported here [i.e., PD Max of 143 (SE = 2.83) and BW PDMax of 73.8 (SE = 1.66)]. The discrepancy between the 2 estimates of PD Max could be caused by the experimental technique because it well known that the N balance technique overestimates PD. Similarly, the authors arrived at an estimate for the Gompertz rate parameter of 0.00161, which can be compared with the current estimate of PD PDMax /BW PDMax = 0.00195 (SE = 0.000069). It must also be stressed that the feeding method (scale feeding) used in the experimental design of Thorbek (1975) might have restricted the animals in achieving their full PD potential. As a consequence, the PD Max was underestimated, but more important, the form of PD curve might have been altered, which would change the BW at PD Max .
Many pig growth models use the Gompertz function as a description of potential protein growth (Emmans and Kyriazakis, 1997) . As mentioned earlier, the Gompertz function has often been parameterized to include the potential protein mass at maturity and the Gompertz rate parameter. Because measurements were conducted in the range of 20 to 90 kg of BW, which was far from maturity, and protein growth was measured rather than mass, it was preferred to represent PD as a function of BW instead. In the model, potential PD is driven by state of the animal (current BW) because rate is a func- Modeling energy deposition in growing pigs tion of state. After a period of feed restriction resulting in a reduced PD, pigs will partition the available energy between PD and LD in such a way that the potential for PD will not be lost during growth retardation. This is done by comparing the actual BW with the mature body size without implying a biological meaning for the latter because of the reparameterization. This means that the potential to deposit protein remains as long as the pigs have not attained their mature body size. This is under the assumption that the BW is the state variable driving the PD potential, but acknowledging that differences in body composition cannot be dealt with. From a biological point of view, the actual protein mass would be a better state variable, but no measurement was available, and in this context, it was a latent state variable. Thus, for practical reasons, it was possible to use only the actual BW as the state variable. The Gompertz function, when expressed as a function of age, could be adapted to estimate the protein mass at birth and maturity and the corresponding rate parameter (van Milgen et al., 2000) . If the PD potential varies autonomously with age and is expressed as a Gompertz function, then it can be seen as a genetic blueprint for PD. Because of the restrictive feeding in both data sets, this approach did not seem valid because after a period of feed restriction, the animal would be older; thus, the PD potential would be lost. In summary, a new statistical method based on the NLMIXED procedure was developed for parameter estimation in MNLME models. The new method was applied to 2 comprehensive data sets on energy metabolism in growing pigs, and 2 sets of PD and LD equations were fit to these data. The random effect of animal and correlated errors associated with PD and LD measurements were important to consider when modeling PD and LD in growing pigs because fits to both data sets were improved substantially. The new PD and LD equations developed provided a better fit to the second data set, but did not fit the first. The law of diminishing returns should be considered when modeling PD and LD in pigs, which could be represented functionally by a Michaelis-Menten-type equation. We showed how the representation can be extended to a theory of limiting AA. The new statistical framework van Milgen and Noblet (1999) equations and the full statistical model when fitted to data set II (top panels). Residuals corresponding to the new PD and LD equations and the full statistical model when fitted to data set II (bottom panels).
aids further development of multivariate data analysis models, which address problems associated with partitioning ME into PD and LD. Moreover, the data analysis models outlined here may help parameterize simulation models that aim at nutritional management of a population of pigs. Figure 5 . Goodness of fit plot. The energy deposition as a function of ME intake (circles) for the 12 pigs in the data set, where the legend indicates pig number and type of response (protein or lipid deposition; e.g., 1: Lipid deposition). Predictions generated by the 2 simultaneous equation systems are shown as well, where the new equations are presented by a solid line and the van Milgen and Noblet (1999) equations are presented by a dashed line.
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